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COMPARISON OF TWO DESINGULARIZATION OF THE
KONTSEVICH’S MODULI SPACE OF ELLIPTIC STABLE MAPS
HYENHO LHO
Abstract. It is known that the main component of the Kontsevich’s moduli
space of elliptic stable maps is singular. There are two different desingular-
izations. One is Vakil-Zinger’s desingularization and the other is the moduli
space of logarithmic stable maps. When the degree is less then or equal to
3 and the target is Pn, we show that the moduli space of logarithmic stable
maps can be obtained by blowing up Vakil-Zinger’s desingularization.
1. Introduction
The Kontsevich’s moduli space of stable maps Mg,k(X, d) is a moduli space
which parametrizes maps from k-marked nodal curve of arithmetic genus g to pro-
jective variety X satisfying stability conditions. See [10] for precise definitions and
properties. In this paper we only consider Kontsevich’s moduli space of elliptic sta-
ble maps M1,0(Pn, d). M1,0(Pn, d) is known to have several components. We call
the component parametrizing elliptic stable maps whose domain curve have non-
contracted elliptic subcurves the main component. We denote the main component
of M1,0(Pn, d) as M1,0(Pn, d)0. It is known that M1,0(Pn, d)0 is singular.
Recently many birational model of M1,0(Pn, d)0 have been introduced by many
authors. In [4], Vakil and Zinger found a canonical desingularization M˜1,0(Pn, d)0
of M1,0(Pn, d)0 by blowing-up M1,0(Pn, d)0. In [1], Kim introduced another desin-
gularization of M1,0(Pn, d)0 called the moduli space of logarithmic stable maps
by using log structures. We denote this space as M
log,ch
1,0 (Pn, d). In [7], Mar-
ian, Oprea and Pandharipande constructed moduli space of stable quotients de-
noted by Qg(Pn, d). They defined a moduli space of stable quotients of the rank
n trivial sheaf on nodal curves. They also proved that when the genus is 1,
Q1(Pn, d) is a smooth Delign-Mumford stack. So this gives another smooth bi-
rational model. In [9], Viscardi constructed a moduli space of (m)-stable maps de-
noted by M
(m)
1,k (Pn, d). He defined a moduli space using (m)-stable curves which was
introduced by Smyth [8]. He also proved M
(m)
1,k (Pn, d) is smooth if d+ k ≤ m ≤ 5.
In general, it is not known how these birational moduli spaces are related to each
others. In this paper, we compare Vakil-Zinger’s desingularization and the moduli
space of logarithmic stable mpas. We show that M
log,ch
1,0 (Pn, 3) can be obtained by
blowing up M˜1,0(P
n, 3)0 along the locus
∑
2, Γ2,
∑
1, Γ1.∑
1 is the closure of the locus of M1,0(Pn, d)0 parametrizing stable maps such
that their domain curves consist of a elliptic component of the degree 0 and a
rational component of the degree 3 and the morphism restricted to the rational
component has ramification order 3 at the nodal point.
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2 is the closure of the locus of M1,0(Pn, d)0 parametrizing stable maps such
that their domain curves consist of a elliptic component of the degree 0, and two
rational components with the degree 1,2, each meeting the elliptic component at one
point and the morphism restricted to degree 2 rational component has ramification
order 2 at the nodal point.
Γ1 is the closure of the locus of M1,0(Pn, d)0 parametrizing stable maps such that
their domain curves consist of a elliptic component of the degree 0 and a rational
component of the degree three, and there exists a smooth point q on the rational
component such that p, q go to same point, where p is the node point.
Γ2 is the closure of the locus of M1,0(Pn, d)0 parametrizing stable maps such
that their domain curves consist of a elliptic component of the degree 0 and two
rational components with the degree 1, 2, each meeting the elliptic component at
one point and there exists smooth point q on degree 2 rational component such
that p, q go to same point where p is nodal point on degree 2 rational component.
The outline of this paper is as follows. In section 2, we give some preliminaries.
In section 3, we present an example of a degeneration where a nontrivial elliptic
logarithmic stable map occurs. In section 4, we calculate the fiber of the natural
morphism from the moduli space of admissible stable maps to the Kontsevich’s
moduli space of stable maps. In section 5, we prove two moduli spaces are equal if
the degree is 2. In section 6, we describe etale charts of M1,0(Pn, 3)0 explicitly and
by blowing up suitable subschemes, we obtain
Theorem 1.0.1. M
log,ch
1,0 (Pn, 3) can be obtained by blowing-up M˜1,0(Pn, 3)0 along
the locus
∑
2, Γ2,
∑
1, Γ1.
Acknowledgement I would like to thank my advisor, Young-Hoon Kiem, for
giving me this problem and all of the guidance and support during this work.
2. Preliminaries
In this section we introduce some notations. We also briefly recall some defi-
nitions and properties of Vakil-Zinger’s desingularization and the moduli space of
logarithmic stable maps.
2.1. Notations.
2.1.1. A dual graph of domain curves. In this paper we only consider connected
curves of arithmetic genus 1. Note that every connected curve of arithmetic genus
1 has the unique minimal subcurve of arithmetic genus 1. we give names to this
subcurve.
Definition 2.1.1. Let C be connected curve of arithmetic genus 1. Let C ′ be the
minimal subcurve of arithmetic genus 1 of C. We call C ′ the essential part of C.
For every nodal curve, we can associate a graph called the dual graph. Irreducible
components of the nodal curve correspond to vertices of the graph. And nodal
points of nodal curve correspond to edges of graph.
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If curve C is connected curve of arithmetic genus 1 whose essential part is ir-
reducible curve, we can represent its dual graph as following. Suppose C has 6
irreducible components E, C1, C2, B1, B2, B3. E is a smooth curve of arithmetic
genus 1. Two smooth rational components C1, C2 are connected to E. And three
smooth rational components B1, B2, B3 are connected to C1. Then we can repre-
sent the dual graph of C as E[C1[B1, B2, B3], C2]. In this case, we say C is of the
type E[C1[B1, B2, B3], C2]. We denote the intersection point of E and C1 as c1.
And we denote intersection point of C1 and B1 as b1 and so on.
Furthermore, if a curve C is the domain curve of the Kontsevich’s moduli space
of elliptic stable maps, we record information of the degree in the parenthesis. For
example, if we say that C is of the type E(0)[B1(0)[C1(1), C2(2)]], then the dual
graph of C is represented as E[B1[C1, C2]] and the degrees of maps restricted to E,
B1, C1, C2 are 0, 0, 1, 2, respectively.
2.1.2. The expanded target. Let Pn be a n-dimensional projective space. We define
Pn(1) to be (Blc(0)Pn)
⋃
Pn. Here c(0) is a point in Pn. And Blc(0)Pn and Pn are
glued along D(1). In Blc(0)Pn, D(1) is the exceptional divisor. And in Pn, D(1) is
a hyperplane. We can give the linear order to the set of irreducible components of
Pn(1) such that component corresponding to Pn is the largest one. We denote the
irreducible components of Pn(1) by Pn1 , Pn2 according to this order. i.e. Pn2 is the
largest one.
We define Pn(2) to be (Blc(1)Pn(1))
⋃
Pn. Here c(1) is a point in Pn2 not contained
in D(1). And Blc(1)Pn(1) and Pn are glued along D(2). In Blc(0)Pn(1), D(2) is the
exceptional divisor. And in Pn, D(2) is a hyperplane. We can give the linear order
to the set of irreducible components of Pn(2) such that component corresponding
to Pn is the largest one. We denote the irreducible components of Pn(2) by Pn1 , Pn2 ,
Pn3 according to this order. i.e. Pn3 is the largest one.
In this way, we define Pn(k), Pn1 , Pn2 , · · · , Pnk+1, D(1), D(2), · · · , D(k) inductively.
2.1.3. The sequence of blow up. Let X be an algebraic scheme. Let V1, V2, · · · , Vn
be subschemes of X. When we say that we blow up X along V1, V2, · · · , Vn, we
mean that we first blow up V1, blow up the proper transform of V2, · · · , and blow
up the proper transform of Vn.
By abuse of notation, we identify an ideal J with the subscheme VJ defined by
J .
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2.2. Vakil-Zinger Desingularization. In [5], Vakil and Zinger defined the m-tail
locus of M1,0(Pn, d)0 to be the locus parametrizing maps such that in the domain
the contracted elliptic curve meets the rest of the curve a total of precisely m points.
Desingularization is described as following way; blow up the 1-tail locus, then the
proper transform of the 2-tail locus, etc. This process stop at finite steps, and
resulting space M˜1,0(Pn, d)0 is smooth Delign-Mumford stack.
In [6], Hu and Li described local equations of M1.0(Pn, d). They first defined the
terminally weighted tree γ. To each γ, they associated the variety Zγ called local
model and the subvariety Z0γ ⊂ Zγ called the type γ loci in Zγ . They defined DM-
stack S to have singularity type γ at a closed point s ∈ S if there is a scheme Y , a
point y ∈ Y and two smooth morphisms q1 : Y → S, q2 : Y → Zγ such that q1(y) =
s and q2(y) ∈ Z0γ . To each element [u] ⊂ M1,0(Pn, d), they associated terminally
weighted rooted tree. They defined the substack M1,0(Pn, d)γ ⊂ M1,0(Pn, d) to
be the subset of all [u] ⊂M1,0(Pn, d) whose associated terminally weighted rooted
trees is γ. Finally they showed that the stack M1,0(Pn, d) has singularity type γ
along M1,0(Pn, d)γ
We do not present full details here since our case is quite simple. When d = 3,
1-tail locus D1 ⊂ M1,0(Pn, 3)0 and 2-tail locus D2 ⊂ M1,0(Pn, 3)0 are smooth
divisors. 3-tail locus D3 ⊂ M1,0(Pn, 3)0 has description as follows. Let Z be
{(a1, a2, · · · , an−1, b1, b2, · · · , bn−1, z1, z2) ∈ A2n : a1z1 − b1z2 = a2z1 − b2z2 =
· · · = an−1z1 − bn−1z2 = 0}, where An is n-dimensional affine space. Let Z0 ⊂ Z
to be {(a1, a2, · · · , an−1, b1, b2, · · · , bn−1, z1, z2) ∈ Z : z1 = z2 = 0}. To each
element [u] ⊂ D3, there is a scheme Y , a point y ∈ Y and two smooth morphisms
q1 : Y →M1.0(Pn, d)0, q2 : Y → Z such that q1(y) = [u] and q2(y) ∈ Z0. Therefore
M˜1,0(Pn, 3)0 = BlD3M1,0(Pn, 3)0.
2.3. Logarithmic stable maps. We briefly introduce logarithmic stable maps
following [1]. There is standard reference for definition and some properties of the
log structures ([3]). We do not give full details about the log structures since the
log structures are not used extensively in this paper.
Definition 2.3.1. An algebraic space W over S is called a Fulton-Macpherson
(FM) type space if
(1) W → S is a proper, flat morphism;
(2) for every closed point s ∈ S, etale locally there is an etale morphism
Ws → Spec(k(s)[x, y, z1, z2, · · · , zk−1]/(xy))
where x, y and zi are indeterminates.
Definition 2.3.2 ([1],5.1.1). A triple ((C/S,p),W/S, f : C −→ W ) is called a
n-pointed, genus g, admissible map to a FM type space W/S if
(1) (C/S,p = (p1, ..., pn)) is a n-pointed, genus g, prestable curve over S.
(2) W/S is a FM type space.
(3) f : C −→W is a map over S.
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(4) (Admissibility) If a point p ∈ C is mapped into the relatively singular locus
(W/S)sing of W/S, then e´tale locally at p¯, f is factorized as
C
f

?
??
??
??
? U
oo //
""E
EE
EE
EE
EE

Spec(A[u, v]/(uv − t))
uujjjj
jjjj
jjjj
jjjj

S SpecAoo
W
??        
Voo //
<<yyyyyyyyy
SpecA[x, y, z1, ..., zr−1]/(xy − τ)
iiTTTTTTTTTTTTTTTT
where all 5 horizontal maps are formally e´tale; u, v, x, y, zi are indetermi-
nates; x = ul, y = vl under the far right vertical map for some positive
integer l; t, τ are elements in the maximal ideal mA of the local ring A; and
p¯ is mapped to the point defined by the ideal (u, v,mA).
A log morphism (W,MW )/(S,N) is called an extended log twisted FM type space
if W → S is FM type space and MW , N are log structures on W , S satisfying some
conditions.
Definition 2.3.3 ([1],5.2.2). A log morphism (f : (C,MC ,p) −→ (W,MW )) /(S,N)
is called a (g, n) logarithmic prestable map over (S,N) if
(1) ((C,M)/(S,N),p) is a n-pointed, genus g, minimal log prestable curve.
(2) (W,MW )/(S,N) is an extended log twisted FM type space.
(3) (Corank = # Nondistinguished Nodes Condition) For every s ∈ S, the rank
of Coker(N
W/S
s¯ −→ Ns¯) coincides with the number of nondistinguished
nodes on Cs¯.
(4) f : (C,MC) −→ (W,MW ) is a log morphism over (S,N).
(5) (Log Admissibility) either of the following conditions, equivalent under the
above four conditions, holds:
• f is admissible.
• f b : f∗MW −→MC is simple at every distinguished node.
Definition 2.3.4 ([1],8.1). Let M
log,ch
1,0 (X, d) be the moduli stack of (g = 1, n =
0, d 6= 0) logarithmic stable maps (f, C,W ) satisfying the following conditions ad-
ditional to those in Definition 3.0.2. For every s ∈ S,
(1) Every end component of Ws¯ contains the entire image of the essential part
of Cs¯ under fs¯.
(2) The image of the essential part of Cs¯ is nonconstant.
Here, it is possible that some of irreducible components in the essential part are
mapped to points. Note that the dual graph of the target Ws must be a chain.
Such a log stable map is called an elliptic log stable map to a chain type FM space
W of the smooth projective variety X.
Theorem 2.3.1 ([1],Main Theorem B). The moduli stack M
log,ch
1,0 (X, d) of elliptic
logarithmic stable maps to chain type FM spaces of X is a proper Delign-Mumford
stack. When X is a projective space Pn, the stack is smooth.
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We define the moduli space M
ch
1,0(X, d) of admissible stable maps to chain type
FM spaces of X to be same as M
log,ch
1,0 (X, d) without log structures. That is, an
element of M
ch
1,0(X, d) is an element of M
log,ch
1,0 (X, d) without log structures.
3. An example of degeneration
First we construct a family of elliptic stable maps over S = A2. Let R = k[t, a]
be a coordinate ring of S, where k is a algebraically closed field and t,a are inde-
terminates. Let C ′ = Proj(R[x, y, z]/zy2 − x3 − z2x − z3). Let f ′ : C ′ 99K P2 be
given by [t3y, at2x, z]. It is a well defined family of elliptic stable maps except at
{(t, a) : t = 0} ⊂ S. If we blow up an ideal (t, x, z), it extends to family of elliptic
stable maps on whole S. That is, if we let C = Bl(t,x,z)C
′, the rational morphism
f ′ : C ′ 99K P2 extends to f : C −→ P2 and f gives a family of elliptic stable
maps over S. At t 6= 0, its domain curve is smooth. At t = 0 its domain curve
consists of an elliptic component whose degree is 0 and one rational component
whose morphism is given by [s3, as2, 1] where s is the local coordinate of the ratio-
nal component such that {s = 0} is the intersection point with elliptic component.
Now we construct a family of elliptic stable admissible maps over S˜ = Bl(t,a)S
in following way.
Propostion 3.0.1. Let R, C ′, C, f be as above. Let S˜ be the blow up of S at
the origin and let E be the exceptional divisor. Let D be the proper transform of
subscheme defined by (t) ⊂ R. Let C ′′ be a pullback of C ′ along S˜ −→ S and C˜
be the blow up of C ′′ along ideals (D,x, z), (E, x, z); Here we mean that first blow
up along (D,x, z) and next blow up along the proper transform of (E, x, z). Let
W˜ be the blow up of S˜ × P2 along ideals (E3, x0, x1), (D2, x0, x1), where x0, x1,
x2 are coordinates of P2. Then f : C −→ P2 extends to map f˜ : C˜ −→ W˜ and
(f˜ : C˜ −→ W˜ ) is a family of admissible stable maps.
Proof. we choose one local coordinate of S˜ as {(t, a)} ' A2 such that S˜ −→ S is
given by (t, a) 7→ (ta, a). Then the induced morphism is given by [t3a3y : t2a3x, z].
Since we only need to consider a neighborhood of {[x : y : z] = [0, 1, 0]} which is
smooth point, the problem is reduced to the following lemma.
Lemma 3.0.1. Suppose (f : C = A1 × A2 = Spec(k[x, t, a]) −→ W = A2 × A2 =
Spec(k[X,Y, t, a])) is given by (x, t, a) 7→ ( t3a3z , t
2a3x
z , t, a), where z is a function
of x such that the vanishing order of z at x = 0 is 3. If we let C˜ be the blow up
of C along ideals (x, t), (x, a) and W˜ be the blow up of W along ideals (X,Y, a3),
(X,Y, t2), then (f : C −→W ) extends to morphism (f˜ : C˜ −→ W˜ )
Proof. Using universal property of blow ups, we need to check that inverse image
sheaves of (X,Y, a3) and (X,Y, t3) are invertible. For example, at an open set U ⊂
C given by {(x, t, a) : x 6= 0)}, inverse image sheaves of (X,Y, a3) and (X,Y, t3) are
( t
3a3
z ,
t2a3x
z , a3) = (a
3) and ( t
3a3
z ,
t2a3x
z , t
2) = (t2) respectively which are invertible
sheaves. Other cases are left to the reader. 
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We can easily check that f˜ satisfies admissible conditions. In the same way we
can prove the case of the other open sets of S˜. This proves theorem. 
Remark 3.0.1. the origin in S parameterizes stable map whose domain curve consist
of an elliptic component of degree 0 and one rational component whose morphism
has ramification order 3 at the intersection point with the elliptic component. i.e.
it is an element of
∑
1.
Remark 3.0.2. In the proof, we can describe an element of admissible stable map
explicitly. For example over {(t, a) : a = 0, t 6= 0} ⊂ S˜, C˜ is of the type E[C1] and
W˜ = P2(1) and f˜ |E : E −→ P21 is given by [X0, X1, X2] = [t3y : t2x : z] = [ty : x : z]
where X0, X1, X2 are coordinates of P21 such that D(1) is given by {[X1, X2, X3] :
X2 = 0}. The last equality is due to the existence of an automorphism of P21 fixing
D(1).
4. The description of fiber in the moduli space of elliptic admissible
stable maps
By the definition of admissible stable map we get the following proposition.
Propostion 4.0.2. There is a natural morphism φ from the moduli space of elliptic
admissible stable maps to the Kontsevich’s moduli space of stable maps.
Proof. A family of admissible maps over S˜ consist of ((C˜/S˜,p),W/S˜, f˜ : C˜ −→W ),
where C˜ is a family of pre-stable curves over S˜ and W is FM type space of P2. By
just forgetting W, we obtain Kontsevich’s pre-stable maps and after stabilization
we get Kontsevich’s stable maps. 
Now we describe set theoretic fibers of φ, when d = 3. Note that if the essential
part is not contracted to a point, the fiber is just one point because W is trivial. i.e.
W = Pn. Let’s consider the fiber of element where the essential part is contracted
to a point.
Lemma 4.0.2. Let (C, f : C −→ Pn) be an element of the main component of the
Kontsevich’s moduli space of elliptic stable maps satisfying following condition. C
is of the type E(0)[C1(3)].
(1) if f has ramification order 2 at c1 and there is no smooth point q1 ∈ C1 such
that f(c1) = f(q1), then the fiber of φ is equal to a point set theoretically.
(2) if f has ramification order 2 at c1 and there is a smooth point q1 ∈ C1 such
that f(c1) = f(q1), then the fiber of φ is equal to Pn−1 set theoretically.
(3) if f has ramification order 3 at c1, then the fiber of φ is equal to BlptPn set
theoretically.
Proof. (1) • point : The domain curve C˜ is of the type E[C1] and W =
Pn(1). f˜ : C1 −→ Pn0 is already given. f˜ : E −→ Pn1 is given by
[X0 : X1 : · · · : Xn] = [x : 0 : · · · : 0 : z], where E are given by
{[x, y, z] : zy2 = x3 + z2x+Az3} and X0, X1, · · · , Xn are coordinates
of Pn. c1 is given by {[x : y : z] : z = x = 0} and D(1) is given by
{[X1, X2, · · · , Xn] : Xn = 0}.
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(2) • An−1 with parameter { [α0 : α1 : · · · : αn−1] , αn−1 6= 0 }
: The domain curve C˜ is of the type E[C1[A1]] and W = Pn(1).
f˜ |C1 : C1 −→ Pn0 is already given. f˜ |E : E −→ Pn1 is given by [X0 :
X1 : · · · : Xn] = [x : 0 : · · · : 0 : z]. f˜ |A1 : A1 −→ Pn(1) is given by
[1 : α0t : α1t : · · · : αn−1t], where t are a local parameter of A1 such
that a1 is given by {t = 0} and D(1) is given by {[X1, X2, · · · , Xn] :
Xn = 0}.
• Pn−2 with parameter { [α0 : α1 : · · · : αn−2] } : The domain curve
C˜ is of the type E[C ′1[C1[A1]]] and W = Pn(2). f˜ |C1 : C1 −→ Pn0
already given. f˜ |C′1 : C ′1 −→ Pn1 is given by [t2 : 0 : · · · : 0 : 1] where t
is a local parameter of C ′1 such that c1 are given by {t = 0} and D(1)
is given by {[X1, X2, · · · , Xn] : Xn = 0}. f˜ |E : E −→ Pn2 is given by
[x : 0 : · · · : 0 : z] where D(2) are given by {[X1, X2, · · · , Xn] : Xn =
0}. f˜ |A1 : A1 −→ P21 is given by [1 : α0s : α1s : · · · : αn−2s : s] where
s is a local parameter of A1 such that a1 is given by {s = 0}.
(3) • An with parameter {[α0 : α1 : · · · : αn],αn 6= 0} : The domain
curve C˜ is of the type E[C1] and W = Pn(1). f˜ |C1 : C1 −→ Pn0
already given. f˜ |E : E −→ Pn1 is given by [X0 : X1 : · · · : Xn] =
[α0x + αny : α1x : α2 : · · · : αn−1 : z], where D(1) is given by
{[X1, X2, · · · , Xn] : Xn = 0}.
• Pn−1 \pt with parameter {[α0 : α1 : · · · : αn−1], not all αk are 0
for 1 6 k 6 n − 1} : The domain curve C˜ is of the type E[C ′1[C1]]
and W = Pn(2). f˜ |C1 : C1 −→ Pn0 is already given. f˜ |C′1 : C ′1 −→ Pn1
is given by [1 − α0t : α1t : α2t : · · · : αn−1t : t3] where t is a local
parameter of C ′1 such that c1 is given by {t = 0} and D(1) is given by
{[X1, X2, · · · , Xn] : Xn = 0}. f˜ |E : E −→ Pn2 is given by [x : 0 : · · · :
0 : z] where D(2) are given by {[X1, X2, · · · , Xn] : Xn = 0}.
• An−1 with parameter { [α0 : α1 : · · · : αn−1] , αn−1 6= 0 }
: The domain curve C˜ is of the type E[C ′1[C1, A1]] and W = Pn2 .
f˜ |C1 : C1 −→ Pn0 is already given. f˜ |C′1 : C ′1 −→ Pn1 is given by
[1 − t : 0 : · · · : 0 : t3] where t is a local parameter of C ′1 such that c1
is given by {t = 0} and a1 is given by {t = 1} and D(1) is given by
{[X1, X2, · · · , Xn] : Xn = 0}. f˜ |E : E −→ Pn2 is given by [x : 0 : · · · :
0 : z]. f˜ |A1 : A1 −→ Pn2 is given by [1 : α0 : α1 : · · · : αn−1s], where s
is a local parameter of A1 such that a1 is given by {s = 0} and D(2)
is given by {[X1, X2, · · · , Xn] : Xn = 0}.
• Pn−2 with parameter { [α0 : α1 : · · · : αn−2] } : The domain curve
C˜ is of the type E[C ′′1 [C
′
1[C1, A1]]] and W = Pn(3). f˜ |C1 : C1 −→ Pn0 is
already given. f˜ |C′1 : C ′1 −→ Pn1 is given by [1− t : 0 : · · · : 0 : t3] where
t is a local parameter of C ′1 such that c1 is given by {t = 0} and a1 is
given by {t = 1} and D(1) is given by {[X1, X2, · · · , Xn] : Xn = 0}.
f˜ |C′′1 : C ′′1 −→ Pn2 is given by [1 : 0 : · · · : 0 : s2] where s is parameter
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of C ′′1 such that c
′
1 is given by {s = 0}. f˜ |A1 : A1 −→ Pn2 is given by
[1 : α0u : α1u : · · · : αn−2u : u] where u is a local parameter of A1 such
that a1 is given by {u = 0} and D(2) is given by {[X1, X2, · · · , Xn] :
Xn = 0}. f˜ |E : E −→ Pn3 is given by [x : 0 : · · · : 0 : z] where D(3) is
given by {[X1, X2, · · · , Xn] : Xn = 0}.

Note that the case where essential part is singular curves can be stated and proved
in the same way. Note that we actually know every element of the fiber explicitly.
By similar way we can prove the following lemmas whose proof will be omitted.
Lemma 4.0.3. Let (C, f : C −→ Pn) be an element of the main component of the
Kontsevich’s moduli space of stable maps satisfying the following conditions. C is
of the type E(0)[C1(1), C2(2)].
(1) if f has ramification order 1 at c2 and there is no smooth point q2 ∈ C2 such
that f(c2) = f(q2), then the fiber of φ is equal to a point set theoretically.
(2) if f has ramification order 1 at c2 and there is a smooth point q2 ∈ C2 such
that f(c2) = f(q2), then the fiber of φ is equal to Pn set theoretically.
(3) if f has ramification order 2 at c2.and images of C1 and C2 are different
lines, then fiber of φ is equal to P1 set theoretically.
(4) if f has ramification order 2 at c2, images of C1 and C2 are same lines,
then the fiber of φ is equal to Pn−1
⋃
P1 glued at one point, set theoretically.
Lemma 4.0.4. Let (C, f : C −→ Pn) be an element of the main component of the
Kontsevich’s moduli space of stable maps satisfying the following conditions. C is
of the type E(0)[C1(1), C2(1), C3(1)].
(1) if images of C1 and C2 and C3 are distinct lines, then the fiber of φ is equal
to a point set theoretically.
(2) if images of C1 and C2 are same lines and the image of C3 is the distinct
line, then the fiber of φ is equal to a point set theoretically.
(3) if images of C1 and C2 and C3 are all same lines, then the fiber of φ is
equal to P1 set theoretically.
Lemma 4.0.5. Let (C, f : C −→ Pn) be an element of the main component of the
Kontsevich’s moduli space of stable maps satisfying the following conditions. C is
of the type E(0)[B1(0)[C1(1), C2(2)]].
(1) if f has ramification order 1 at c2 and there is no smooth point q2 ∈ C2 such
that f(c2) = f(q2), then the fiber of φ is equal to a point, set theoretically.
(2) if f has ramification order 1 at c2 and there is a smooth point q2 ∈ C2 such
that f(c2) = f(q2), then the fiber of φ is equal to Pn−1
⋃
Pn−1 glued along
Pn−2, set theoretically.
(3) if f has ramification order 2 at c2 and the tangent lines of images of C1
and C2 are independent, then the fiber of φ is equal to P1, set theoretically.
(4) if the tangent lines of images of C1 and C2 are dependent, then the fiber
of φ is equal to BlptPn
⋃
(P1×Pn−1)⋃BlptPn glued along Pn−1, Pn−2, set
theoretically.
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Lemma 4.0.6. Let (C, f : C −→ Pn) be an element of the main component of the
Kontsevich’s moduli space of stable maps satisfying the following conditions. C is
of the type E(0)[B1(0)[C1(1), C2(1), C3(1)]].
(1) if the images of C1 and C2 and C3 are distinct lines, then the fiber of φ is
equal to a point set theoretically.
(2) if the images of C1 and C2 are same line and the image of C3 is distinct
line, then the fiber of φ is equal to a point set theoretically.
(3) if the images of C1 and C2 and C3 are all same lines, then the fiber of φ is
equal to (P1 × Pn−1)⋃BlptPn glued along Pn−1set theoretically.
Lemma 4.0.7. Let (C, f : C −→ Pn) be an element of the main component of the
Kontsevich’s moduli space of stable maps satisfying the following conditions. C is
of the type E(0)[B1(0)[C1(1), C2(1)], C3(1)]].
(1) if the images of C1 and C2 are distinct lines, then fiber of φ is equal to a
point, set theoretically.
(2) if the images of C1 and C2 are same lines and the image of C3 is distinct
line, then the fiber of φ is equal to Pn−1, set theoretically.
(3) if the images of C1 and C2 and C3 are all same lines, then the fiber of φ is
equal to (P1 × Pn−1)⋃Pn−1 glued along Pn−2, set theoretically.
Lemma 4.0.8. Let (C, f : C −→ Pn) be an element of the main component of the
Kontsevich’s moduli space of stable maps satisfying the following conditions. C is
of the type E(0)[B1(0)[B2(0)[C1(1), C2(1)], C3(1)]].
(1) if the images of C1 and C2 are distinct lines, then the fiber of φ is equal to
point, set theoretically.
(2) if the images of C1 and C2 are same lines and the image of C3 is the distinct
line, then the fiber of φ is equal to Pn−1, set theoretically.
(3) if the images of C1 and C2 and C3 are all same lines, then the fiber of
φ is equal to BlptPn
⋃
Blpt(Pn−1 × P1)
⋃
(Pn−1 × P1)⋃(Pn−1 × P1), set
theoretically.
Remark 4.0.3. What we showed is that the fiber of φ is ,at least set theoretically,
same as the fiber of corresponding blow-ups which we will describe later. Actually
it is same scheme theoretically.
5. The case of the degree 2
In this section, we show that when d = 2, two moduli spaces are same. i.e.
M˜1,0(Pn, 2)0 = M
log,ch
1,0 (Pn, 2). Note that if the degree is 2, M˜1,0(Pn, 2)0 = M1,0(Pn, 2)0.
As in the previous section, we can calculate the fiber of φ : M
ch
1,0(Pn, 2) −→
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M˜1,0(Pn, 2)0 and it is easy to see that every fiber is just one point. This actu-
ally suffices to conclude that M˜1,0(Pn, 2)0 = M
log,ch
1,0 (Pn, 2) by the Zariski’s main
theorem. Still we construct an actual morphism for the completeness. We only do
the case n = 1 for simplicity.
Note that when the essential part is not contracted to a point, two moduli
spaces are naturally isomorphic. So we only need to consider neighborhoods of
points where the essential part is contracted to point.
We describe an etale atlas of stack M1,0(P1, 2)0. Because of stackyness of the
moduli space of elliptic curves, we need to separate the case according to j-invariant
of the essential part of the domain curve.
5.0.1. when essential part is smooth elliptic curve with j 6= 0. Let k be an alge-
braically closed field and t, α, γ, c, A be indeterminates. Let R = k[t, α, γ, c, A]/(γ−
α3 − γ2α − Aγ3). Let D1,D2 be subschemes defined by ideals (α, γ),(t). Let
S = Spec(R)\V where V ⊂ Spec(R) is a subscheme defined by an ideal (4 + 27A2)
and C ′ = Proj(R[x, y, z]/zy2 − x3 − z2x−Az3).
Then the rational map f ′ : C ′ 99K P1 defined by [tγ(x+αy)+c(γx−αz), γx−αz]
gives the family of elliptic stable maps except at D1 and D2. But if we let C be
the blow up of C ′ along (D1, x, z),(D2, x−αy, z− γy),(D2, x, z), we easily see that
f ′ : C ′ 99K P1 extends to f : C −→ P1 and f gives a family of elliptic stable maps
over whole S.
Moreover we know every element of family over S explicitly as follows.
Over {γ = 0, t 6= 0}, the domain curves are of the type E[C1] and f |C1 : C1 → P1
is given by [ts2 + c(s− 1) : s− 1], where s is a local parameter of C1 such that c1
is given by {s = 0}.
Over {t = 0, γ 6= 0}, the domain curves are of the type E[C1, C2] and c1 and c2 are
given by (z = 0), (x = αy, z = γy) in E = {[x; y; z] : zy2 = x3 + z2x + Az3} and
f |Ci : Ci → P1 is given by [si + c, 1] where ci is a local parameter of Ci such that
ci is given by (si = 0) for i = 1, 2.
Over {γ = 0, t = 0}, the domain curves are of the type E[B1[C1, C2]] and f |Ci :
Ci → P1 is given by [si + c, 1] where si local parameter of Ci such that ci is given
by (si = 0) for i = 1, 2.
By looking at a local deformation, we can check that S is an etale atlas of M1,0(P1, 2)0.
Propostion 5.0.3. Let us assume above. If we let W be the blow up of S × P1 along
(D2, x0−cx1), (D21, x0−cx1) where x0, x1 are coordinates of P1, then f : C −→ P1
extends to f˜ : C −→W and f˜ gives a family of elliptic admissible maps over S.
Remark 5.0.4. We know every element over S explicitly. Here we only describe the
type of domain curves and target. Over {t 6= 0, γ 6== 0}, the domain curve C is of
type E and the target W = P1. Over {t = 0, γ 6= 0}, the domain curve C is of the
type E[C1, C2] and the target W = P1(1). Over {t 6= 0, γ = 0}, the domain curve
C is of the type E[C1] and the target W = P1(1). Over {t = 0, γ = 0}, domain
C = E[B1[C1, C2]] and the target W = P1(2).
5.0.2. when essential part is smooth elliptic curve with j 6= 1728. Everything is
same if we change the equation γ − α3 − γ2α−Aγ3 above to γ − α3 −Aγ2α− γ3.
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5.0.3. when essential part is singular curve. Let k be an algebraically closed field
and t, α, β, c, A be indeterminates. Let R = k[t, α, β, c, A]/(β2 − α3 − α2 − A).
Let D2 be a subscheme defined by an ideal (t). Let S = Spec(R) and C
′ =
Proj(R[x, y, z]/(zy2 − x3 − zx2 −Az3)).
Then a rational map f ′ : C ′ 99K P1 defined by [t(y+βz)+c(x−αz), x−αz] gives
a family of elliptic stable maps except at D2 and {α = β = 0}. But if we let C be
the blow up of C ′ along ideals (y − x − x2+αx+α22 , β − α − x
2+αx+α2
2 ), (D2, x, z),
(D2, x − αz, y − βz), we can see that f ′ : C ′ 99K P1 extends to f : C −→ P1
and f gives a family of elliptic stable maps over whole S. Note that the effect of
blowing up along ideal (y−x− x2+αx+α22 , β−α− x
2+αx+α2
2 ) is inserting a rational
component at singular point in the rational nodal curve at {α = β = 0}.
Propostion 5.0.4. Let us assume above. If we let W be the blow up of S × P1 along
ideal (D2, x0 − cx1) where x0,x1 are coordinates of P1, then f : C −→ P1 extends
to f˜ : C −→W and f˜ gives a family of elliptic admissible maps over S.
5.0.4. Summing up previous results we get a morphism from M˜1,0(P1, 2)0 to
M
ch
1,0(P1, 2) where M
ch
1,0(P1, 2) is the moduli space of elliptic admissible stable maps
without log structures. Actually it is one to one morphism. On the other hand
we also have one to one morphism from M
ch,log
1,0 (P1, 2) to M
ch
1,0(P1, 2), which is just
forgetting log structures([1]). By the uniqueness of the normalization, we see that
M˜1,0(P1, 2)0 = M
ch,log
1,0 (P1, 2).
6. The case of the degree 3
In this section we describe a local chart of M1,0(Pn, 3)0 and M
log,ch
1,0 (Pn, 3).
Throughout the section, we will denote the proper transforms of subscheme as the
same notations as original subschemes.
Because of the stackyness of the moduli space of elliptic curves, we need to
separate the case according to j-invariant of the essential part of the domain curve.
6.1. Etale chart of M1,0(Pn, 3)0. (a)when essential part is smooth elliptic curve
with j 6= 0.
Let k be an algebraically closed field and a1, a2, · · · , an−1, b1, b2, · · · , bn−1, c1,
c2, · · · , cn−1, d1, d2, · · · , dn, z1, z2, A, α, γ, α′, γ′ be indeterminates. Let R =
k[a1,a2,· · · ,an−1,b1,b2,· · · ,bn−1,c1,c2,· · · ,cn−1,d1,d2,· · · ,dn,z1,z2,A,α,γ,α′,γ′]/(a1z1−
b1z2,a2z1 − b2z2,· · · ,an−1z1 − bn−1z2,γ − α3 − γ2α−Aγ3,γ′ − α′3 − γ′2α′ −Aγ′3).
Let D2,α, D2,α′ , D2,α−α′ , D3, Fα, Fα′ , Fα−α′ , G be subschemes defined by ideals
(α, γ), (α′, γ′), (α−α′, γ − γ′), (z1, z2), (z1, b1, b2, · · · , bn−1), (z2, a1, a2, · · · , an−1),
(z1−z2, a1−b1, a2−b2, · · · , an−1−bn−1), (α
′γ z1z2 (x+αy)(γ
′x−α′z)−αγ′(γx−αz)(x+α′y)
αα′(α−α′)(γx−αz)(γ′x−α′z) ).
Let Ŝ = Spec(R) \V , S = Bl(α,α′,γ,γ′)Ŝ, where V is the subscheme defined
by an ideal (4 + 27A2)(α − α′, γ − γ′). Let D1 be the exceptional divisor. Let
Ĉ = Proj(R[x, y, z]/zy2 − x3 − z2x− Az3), C ′ be a pull-back of Ĉ, and C be the
blow up of C ′ along ideals
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(D1, x, z),
(D2,α, x− α′y, z − γ′y),(D2,α, x, z),(D2,α′ , x− αy, z − γy),(D2,α′ , x, z),
(D3, x, z),(D3, x− αy, z − γy),(D3, x− α′y, z − γ′y),
(Fα, x− αy, z − γy),(Fα′ , x− α′y, z − γ′y),(Fα−α′ , x, z).
Then rational map f̂ : Ĉ 99K Pn given by
[α′γ(a1 + c1)z1(x+ αy)(γ′x− α′z)− αγ′(b1 + c1)z2(x+ α′y)(γx− αz) + d1(α−
α′)(γx−αz)(γ′z−α′x), α′γ(a2+c2)z1(x+αy)(γ′x−α′z)−αγ′(b2+c2)z2(x+α′y)(γx−
αz) + d2(α−α′)(γx−αz)(γ′z−α′x), · · · , α′γ(an−1 + cn−1)z1(x+αy)(γ′x−α′z)−
αγ′(bn−1 +cn−1)z2(x+α′y)(γx−αz)+dn−1(α−α′)(γx−αz)(γ′z−α′x), α′γz1(x+
αy)(γ′x− α′z)− αγ′z2(x+ α′y)(γx− αz) + dn(α − α′)(γx− αz)(γ′z − α′x), (α −
α′)(γx− αx)(γ′x− α′z)]
extends to a morphism f : C −→ Pn. This gives a family of semi-stable maps of
elliptic curves and after the stabilization we get a family of stable maps of elliptic
curves over S.
Note that as in the case of degree 2, we can actually describe every element
parametrized by S and check it is an etale atlas.
(b)when essential part is smooth elliptic curve with j 6= 1728.
Everything is same if we change the equation γ−α3−γ2α−Aγ3 above to γ−α3−
Aγ2α− γ3.
(c)when essential part is singular curve.
Let k be an algebraically closed field and a1, a2, · · · , an−1, b1, b2, · · · , bn−1, c1,
c2, · · · , cn−1, d1, d2, · · · , dn, z1, z2, A, α, β, α′, β′ be indeterminates. Let R=
k[a1,a2,· · · ,an−1,b1,b2,· · · ,bn−1,c1,c2,· · · ,cn−1,d1,d2,· · · ,dn,z1,z2,A,α,β,α′,β′]/(a1z1−
b1z2,a2z1 − b2z2,· · · ,an−1z1 − bn−1z2,β2 − α3 − α−A,β′ − α′3 − α′ −A)
Let D2, D3, Fα, Fα′ , Fα−α′ , G be ideals defined by (α− α′, β − β′), (z1, z2),
(z1, b1, b2, · · · , bn−1), (z2, a1, a2, · · · , an−1), (z1−z2, a1−b1, a2−b2, · · · , an−1−bn−1),
( z1z2 (y + β)(x− α′)− (y + β′)(x− α)).
Let Ŝ = Spec(R), S = Bl
(β−α−α2+αα′+α′22 ,β′−α′−α
2+αα′+α′2
2 )
Ŝ.
Let Ĉ = Proj(R[x, y, z]/zy2 − x3 − x2z − Az3), let C ′ be a pull back of Ĉ, and C
be the blow up of C ′ along ideals
(y−x− x2+αx+α22 , β−α− x
2+αx+α2
2 ),(y−x− x
2+α′x+α′2
2 , β
′−α′− x2+α′x+α′22 ),
(D2, x− αz, y − βz),(D2, x, z),
(D3, x, z),(D3, x− αz, y − βz),(D3, x− α′z, y − β′)
(Fα, x− αz, y − βz),(Fα′ , x− α′z, y − β′z),(Fα−α′ , x, z).
Then rational map f̂ : Ĉ 99K Pn given by
[(α − α′)(a1 + c1)z1(y + βz)(x − α′z) − (α − α′)(b1 + c1)z2(y + β′z)(x − αz) +
d1(β − β′)(x − αz)(x − α′z), (α − α′)(a2 + c2)z1(y + βz)(x − α′z) − (α − α′)(b2 +
c2)z2(y+β
′z)(x−αz)+d1(β−β′)(x−αz)(x−α′z), · · · , (α−α′)(an−1 +cn−1)z1(y+
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βz)(x−α′z)− (α−α′)(bn−1 + cn−1)z2(y+β′z)(x−αz) +dn−1(β−β′)(x−αz)(x−
α′z), (α − α′)z1(y + βz)(x − α′z) − (α − α′)z2(y + β′z)(x − αz) + dn(β − β′)(x −
αz)(x− α′z), (β − β′)(x− αz)(x− α′z)]
extends to a morphism f : C −→ Pn. This gives the family of semi-stable maps
of elliptic curves and after the stabilization we get a family of stable map of elliptic
curves over S.
6.2. Local chart of M
log,ch
1,0 (Pn, 3). (a)when essential part is smooth elliptic curve
with j 6= 0.
In previous local chart S of M1,0(P2, 3)0, the blow-up center of Vakil-Zinger desin-
gularization is given by D3. And
∑
1,
∑
2, Γ1, Γ2 are given by proper transforms
of
(D1, a1, a2, · · · , an−1, b1, b2, · · · , bn−1, αz1 + α′z2),
(D2,α, z1, b1, b2, · · · , bn−1)(D2,α′ , z2, a1, a2, · · · , an−1),
(D1, a1, a2, · · · , an−1, b1, b2, · · · , bn−1),
(D2,α, a1, a2, · · · , an−1, b1, b2, · · · , bn−1)(D2,α′ , a1, a2, · · · , an−1, b1, b2, · · · , bn−1).
Let S˜ be the blow up of S along D3,
∑
2, Γ2,
∑
1, Γ1 and let E1, E2,α
⋃
E2,α′ ,
L1, L2,α
⋃
L2,α′ be the exceptional divisors corresponding to
∑
1,
∑
2, Γ1, Γ2. Note
that after blowing up along
∑
2,
∑
1 and Γ2 are separated. Now let C
′′
be the pull
back of Ĉ along S˜ and let C˜ be the blow up of C” along ideals
(D1, x, z), (L1, x, z), (E1, x, z),
(D2,α, x−α′y, z−γ′y),(L2,α, x−α′y, z−γ′y),(E2,α, x−α′y, z−γ′y),(D2,α, x, z),
(L2,α, x, z),(E2,α, x, z),
(D2,α′ , x−αy, z− γy),(L2,α′ , x−αy, z− γy),(E2,α′ , x−αy, z− γy),(D2,α′ , x, z),
(L2,α′ , x, z),(E2,α′ , x, z),
(D3, x, z),(D3, x− αy, z − γy),(D3, x− α′y, z − γ′y),
(Fα, x− αy, z − γy),(Fα′ , x− α′y, z − γ′y),(Fα−α′ , x, z),
(L˜21, G), (L˜2,α, G),(L˜2,α′ , G),
where L˜1,L˜2,α,L˜2,α are exceptional divisor of (L1, x, z),(L2,α, x, z),(L2,α′ , x, z).
Let W˜ be the blow-up of S˜ × P2 along ideals
(D3, x0 − d1xn, x1 − d2xn, · · · , xn−1 − dnxn),
(E22 , x0−d1xn, x1−d2xn, · · · , xn−1−dnxn), (L2, x0−d1xn, x1−d2xn, · · · , xn−1−
dnxn), (D2, x0 − d1xn, x1 − d2xn, · · · , xn−1 − dnxn),
(E31 , x0−d1xn, x1−d2xn, · · · , xn−1−dnxn), (L21, x0−d1xn, x1−d2xn, · · · , xn−1−
dnxn), (D
2
1, x0 − d1xn, x1 − d2xn, · · · , xn−1 − dnxn),
where x0,x1,· · · ,xn are coordinates of Pn.
Then f̂ : Ĉ 99K Pn extends to f˜ : C˜ −→ W˜ and we get a family of admissible
maps over S˜.
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(b)when the essential part is smooth elliptic curve with j 6= 1728.
Everything is same if we change the equation γ−α3−γ2α−Aγ3 above to γ−α3−
Aγ2α− γ3.
(c)when the essential part is singular curve.
In previous local chart S of M1,0(P2, 3)0, the blow up center of Vakil-Zinger desin-
gularization is given by D3. And
∑
2, Γ2 are given by proper transforms of
(D2, z1 − z2, a1 − b1), (D2, a1, b1).
Let S˜ be the blow up of S along D3,
∑
2, Γ2 and let E2, L2 be the exceptional
divisors corresponding to
∑
2, Γ2. Now let C
′′ be the pull back of C ′ along S˜ and
let C˜ be the blow up of C ′′ along ideals
(D2, x − αz, y − βz),(D2, x, z),(L2, x − αz, y − βz),(L2, x, z),(E2, x − αz, y −
βz),(E2, x, z),
(D3, x, z),(D3, x− αz, y − βz),(D3, x− α′z, y − β′z),
(Fα, x− αz, y − βz),(Fα′ , x− α′z, y − β′z),(Fα−α′ , x, z).
(L˜2, G),
where L˜2 is exceptional divisor of (L2, x, z).
Let W˜ be blow-up of S˜ × P2 along ideal
(D3, x0 − d1xn, x1 − d2xn, · · · , xn−1 − dnxn),
(E22 , x0−d1xn, x1−d2xn, · · · , xn−1−dnxn), (L2, x0−d1xn, x1−d2xn, · · · , xn−1−
dnxn), (D2, x0 − d1xn, x1 − d2xn, · · · , xn−1 − dnxn).
Then f̂ : Ĉ 99K Pn extends to f˜ : C˜ −→ W˜ and we get the family of admissible
maps over S˜.
6.3. Main result. Let M̂ be the blow up of M˜1,0(P
n, 3)0 along
∑
2, Γ2,
∑
1, Γ1.
By previous subsections, we can find a morphism from M̂ to M
ch
1,0(Pn, 3). Here
M
ch
1,0(Pn, 3) is moduli space of admissible stable maps of chain type without log
structures. One can check that this morphism is finite surjective by using the re-
sult of section 5. Actually it is one to one morphism. On the other hand, We also
have a finite surjective map from M
ch,log
1,0 (Pn, 3) to M
ch
1,0(Pn, 3), which is just forget-
ting log structures([1]). By the uniqueness of the normalization, we get following
theorem.
Theorem 1.0.1. M
log,ch
1,0 (Pn, 3) can be obtained by blowing-up M˜1,0(Pn, 3)0 along
the locus
∑
2, Γ2,
∑
1, Γ1.
Remark 6.3.1. Note that we only used the fact that forgetting morphism ψ :
M
log,ch
1,0 (Pn, 3) −→ M
ch
1,0(Pn, 3) is a finite morphism. It follow from above that
it is actually one to one morphism in our cases. We can also get this fact by calcu-
lating possible log structures. i.e. when d 6 3, there exists unique log structure on
each admissible stable map. If d > 4, there could be more than one log structures
on one admissible stable map.
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